A closed-form solution for multilayer structures with initial strains under generalized plane strain conditions is presented. Such solutions can be useful for estimating the curvature radius and strains or stresses for self-positioning micro-and nano-structures with lattice mismatched layers. Comparison with finite element results shows that the developed solution predicts reasonable values of the curvature radius at the central part of the structure. Strains provided by the generalized plane strain solution are in agreement with those obtained by finite element analysis.
I. INTRODUCTION
Attention has been devoted recently to stress analysis of multilayer structures with initial strains. This interest is stimulated by use of multilayer structures in micro-and nano-mechanical devices and structures. An important application of multilayer structures is a self-positioning fabrication procedure for creation of micro-and nanotubes and hinges [1, 2, 3, 4, 5] . The selfpositioning procedure is based on using materials with different lattice periods for different layers. A layered heterostructure, formed by the molecular beam epitaxy method, includes substrate, sacrificial layer, and several lattice-mismatched layers. The self-positioning occurs during etching of the sacrificial layer. If the etching front is straight, the self-positioning produces structures like tubes or hinges.
Crystalline structure and thermal stability of rolled-up nanotubes have been investigated using transmission electron microscopy (TEM) [6, 7] , micro-Raman spectroscopy [6, 8] , and X-ray microbeam diffraction [9] . µ-Raman spectroscopy has been used in recent experimental research [10] for measuring strain distribution in nanotubes formed by self-positioning. Accurate knowledge of strain distribution can help to improve micro-electric device capabilities [11, 12] .
A closed-form solution has been obtained for curvature radius estimation of self-positioning tube-like structures for two limiting cases: plane stress (narrow strips) [13, 14] and plane strain (wide strip with bending constraint in one direction) [15, 16] . It has also been shown that finite element analysis is a powerful tool to predict hinge curvature radius of intermediate widths [17] . The plane strain solution obtained by Nikishkov [15] implies that the total strain in the direction of a tube axis is equal to zero. However, real-world multilayer micro-and nanostructures do not have such a deformation constraint.
In this article, we present a closed-form solution for multilayer structures under generalized plane strain conditions, which are characterized by zero total force along the tube axis. The obtained generalized plane strain solution is applied to a two-layer self-positioning nanotube.
Results are compared to those obtained by finite element analysis and plane strain solution.
II. PROBLEM STATEMENT
Consider a three-dimensional elastic structure consisting of n material layers subjected to initial strains, as in the case of structures with epitaxial lattice-mismatched layers (see Fig. 1 ). Layer i with elastic properties E i , Young's modulus, and ν i , Poisson's ratio, is subject to initial strain ε 0 i . It is assumed that sufficiently far from the edge of the sacrificial layer, all yz-and xy-sections remain planar after self-positioning.
Under generalized plane strain conditions, the total strain in z-direction is equal to some unknown value d:
The magnitude of d is determined by a condition of zero total force in z-direction: From the plane section assumption, strain ε x can be represented as a linear function of the y-coordinate:
where c is the uniform strain component, y b is the y-level where bending strain is zero, and R is the curvature radius. This expression is true for both generalized and ordinary plane strain conditions [15] . Using Eqs. (1) and (3) and Hooke's law, it is possible to express normal stresses σ x and σ z through introduced parameters c, y b , d, and R:
where E = E/(1 − ν 2 ) and η = 1 + ν.
III. EQUILIBRIUM EQUATIONS
For determination of the unknown parameters introduced in Eqs.
(1-5), we basically follow the approach of Hsueh [14] and Nikishkov [15] . To calculate parameters c, y b , d, and R, we note the four following equilibrium equations:
force due to bending fraction of stress σ x :
force due to uniform fraction of stress σ x :
bending moment created by the normal stress σ x with respect to bending axis z:
total force in z-direction:
Parameter y b is directly obtained from Eq. (6):
where t i = y i − y i−1 . This expression for y b coincides with the equation obtained for the ordinary plane strain assumption [15] . The other three parameters are determined by the following linear system of algebraic equations:
where K is curvature, and y 
IV. GENERALIZED PLANE STRAIN SOLUTION
Solution of equation system (11) yields the following value for curvature K:
Positive curvature corresponds to the multilayer structure bending downwards in the positive y-direction. Parameters c and d are calculated as:
For a bilayer structure with n = 2, the expression for curvature K can be reduced to
Under generalized plane strain, the curvature radius is affected by the difference of ν 2 and ν 1 . If the Poisson's ratios of the two layers are equal, Eq. (16) coincides with curvature estimation [15] obtained for ordinary plane strain conditions.
V. COMPARISON OF ANALYTICAL AND NUMERICAL SOLUTIONS
In this section, the obtained analytical generalized plane strain solution is compared with the ordinary plane strain solution [15] and with results obtained by the finite element analysis. Details about finite element procedures for self-positioning micro-and nano-structure can be found in publications of Nikishkov et al. [17, 18] . For comparison of results, we model a bilayer structure as shown in Fig. 2 . The structure is introduced in [10] as one of the forms to study strain distribution by Raman spectroscopy. For finite element modeling of the structure, sizes b = 6 µm and w = 80 µm are selected. The lower strain layer consists of In 0.2 Ga 0.8 As with thickness t 1 = 28 nm, elasticity modulus E 1 = 115.2 GPa, and lattice constant a 1 = 0.573 47 nm. The top strain layer consists of GaAs with thickness t 2 = 55 nm, elasticity modulus E 2 = 123.9 GPa, and lattice constant a 2 = 0.565 36 nm. Poisson's ratios ν 1 and ν 2 for both of layers are set to 0.3. An initial strain, which models lattice mismatch between two layers, ε 0 1 = (a 1 − a 2 )/a 2 = 0.014 345, is applied to the lower layer.
Finite elements with 20 nodes and quadratic interpolation functions are used for threedimensional modeling of the bilayer self-positioning structure. A finite element mesh for the symmetric half of the hinge region consists of 24 × 18 × 4 elements along x-, y-and z-directions. We applied appropriate displacement boundary conditions to fix the structure in space, including symmetry constraints in z-direction. The specified constraints allow free structure expansion along the z-axis structure, but the structure is unconstrained free to expand in the z-direction. Appearance of the structure after self-positioning is shown in Fig. 3 . 
VI. CONCLUSION
We derived a closed-form solution describing generalized plane strain deformation of multilayer structures with initial strains. The curvature radius for the structure under generalized plane strain conditions differs from that under plane strain conditions if Poisson's ratio values vary for different layers. Finite element analysis shows that the analytical solution predicts reasonable values of the curvature radius for the central part of the structure. Comparison of strain values shows that generalized plane strain solution has better agreement with the finite element results than the ordinary plane strain solution. Differences between generalized plane strain results and plane strain results can be of the order of 8% for inplane strain components.
